A Monte Carlo simulation study was carried out to reveal the effects of crack size distribution and specimen length on the correlation between n-value and critical current in heterogeneously cracked superconducting tapes. First, it was shown that, with increasing distribution width of crack size, the distribution widths of critical current and n-values increase, and, the average critical current-value and average n-value of specimens decrease. Also, it was shown that the decrease in average n-value with increase in distribution width of crack size is more intense than the decrease in average critical current-value and this feature is more pronounced in longer specimens. Then it was revealed that plural n-values can exist for one critical current value since the n-value of specimen was dependent on the positional relation among the voltage-current curves of the sections, of which specimen is constituted. This phenomenon could be described by the difference in the resistance value in the current shunting circuit by application of a single equivalent crack-current shunting model in which the cracks within a specimen are replaced by a single equivalent crack. Based on this result, an approach, in which the resistance value in the current shunting circuit is used to describe the upper-lower bounds and the center of n-value in the correlation diagram between n-value and critical current, was presented. It was shown that the correlation diagrams at various distribution widths of crack size and specimen lengths, obtained by simulation and experiments, are described well by this approach.
Introduction
Two types of superconducting tapes have been developed. One is the superconducting layer RE(Y, Sm, Dy, Gd, ....)Ba 2 Cu 3 O 7−δ -coated tapes (hereafter, noted as coated conductor tapes). Another is the superconducting laments Bi 2 Sr 2 Ca 2 Cu 3 O 10+x , Nb 3 Sn, Nb 3 Al and MgB 2 -embedded tapes ( lamentary conductor tapes). Both coated-and lamentary-conductor tapes are subjected to thermal, mechanical and electromagnetic stresses/strains during fabrication and operation. When the superconducting layers/ laments are cracked by such stresses, the critical current I c and n-value both of coated [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and lamentary [11] [12] [13] [14] [15] [16] [17] [18] [19] conductor tapes are reduced. In ordinary cases, cracking of the coated layer/ lament takes place heterogeneously. As a specimen is composed of a series electric circuit of local sections, the I c and n-value of sections within a specimen are different to each other, and the I c and n-value of a specimen depends on the extent of cracking in sections 5, 8, 11, 15) . If cracking takes place homogeneously, all sections have the same I c and same n-value and the specimen constituted of the sections has also the same I c and same n-value as those of the sections. Namely, in the virtual case of completely homogeneous cracking, the I c and n-value do not vary with specimen length. On the other hand, in the practical case of heterogeneous cracking, the I c and n-value of specimen tends to decrease with increasing specimen length, as has been observed experimentally for SmBa 2 Cu 3 O 7−δ -coated tape 8) and Bi 2 Sr 2 Ca 2 Cu 3 O 10+x lamentary tape 15) . In experimental work, it is dif cult to control arti cially the crack size distribution. A new approach is required to obtain systematically the information on the role of crack size distribution and specimen length in determination of I c and n-value. In our recent work 20) , we applied a Monte Carlo simulation method combined with a current shunting model at cracks 13) to reveal systematically the effects of crack size distribution on I c and n-value for various specimen lengths under a xed average crack size. With this approach, how the distributions of I c and n-value vary with varying distribution width of crack size and specimen length could be monitored 20) . In the present work, this approach was extensively applied to a wide range of crack size to investigate the effects of crack size distribution and specimen length on the correlation between I c and n-value in heterogeneously cracked superconducting tapes. Figure 1 (a) 20) shows the con guration of the model specimen. The specimen is constituted of a series electric circuit of N sections (S(1), S(2),...S(N)) with a length L 0 = 1.5 cm. Each of N sections has one crack. The crack size is different from section to section. N was varied from 1 to 20 and accordingly the length of the specimen L = NL 0 was varied from 1.5 to 30 cm.
Procedure of Simulation

Model of specimen and model of current shunting at a crack
For description of the V-I relation of sections under an existent partial crack, the model of Fang et al. 13) was employed in a modi ed form as in our works [3] [4] [5] [8] [9] [10] 14, 15, 20, 21) , where partial crack means the crack that exists in a part of transverse cross-section of the superconducting phase. The part where crack is not extended in the cracked cross-section is named as a ligament part. Current path in a section with a crack is shown schematically in Fig. 1(b) 8) , in which one section in coated tape specimen is representatively drawn. Noting the I c -and n-values of sections without crack as I c0 and n 0 , respectively, the critical electric eld for determina-tion of critical current as E c (= 1 μV/cm), the relative crack size (= the ratio of the area of cracked part to the total cross-sectional area of the superconducting layer) and the relative ligament size (= ratio of the area of the ligament part to the total cross-sectional area of the superconducting layer) as f and 1 − f, respectively, the current transported by the ligament part as I RE , the shunting current at the cracked part as I s , the electric resistance in shunting circuit as R t , the voltages developed in the ligament part and in the cracked part as V RE and V s (= V RE since the ligament-and cracked parts constitute of a parallel circuit), respectively, and the current transfer length as s (<<L 0 ) 9, 10) , we can express the V-I relation of the section (L 0 = 1.5 cm) without crack by eq. (1) and that with a crack by eqs. (2) and (3) [3] [4] [5] 8, 14, 15) ,
The term
is, hereafter, noted as the ligament parameter L p,section . This parameter was derived by the authors 3, 4, 8, 9, 14) by modifying the formulation of Fang et al. 13) The L p,section has a physical meaning as I c /I c0 (the ratio of critical current in cracked state (I c ) to the critical current in non-cracked state (I c0 )) in the case where the voltage V RE developed at crack is equal to the whole voltage V and shunting current is negligible 9, 10, 15) . In practice, current shunting occurs and voltage is developed not only at cracks but also at the non-cracked area away from the crack. Hence the I c /I c0 is not equal to the ligament parameter in practical tapes. However, it is noted that the ligament parameter still gives a fairly good approximation for I c /I c0 , as has been shown in our former works for coated [3] [4] [5] 8, 9) and lamentary 14, 15) tapes. In this work, the ligament parameter L p,section , which is proportional to the relative ligament size 1 − f where f is the relative crack size, was used as a monitor of crack size (the larger the ligament parameter, the smaller is the crack size) similarly to the preceding works 10, 15, 20, 21) .
Monte
Carlo simulation of V-I curve, I c and n-value of sections and specimens The standard deviation of 1 − f is equal to that of f. Wide/ narrow distribution of ligament size (1 − f) corresponds to wide/narrow distribution of crack size (f). As a monitor of the distribution width of crack size, the standard deviation of the ligament parameter ΔL p,section was used as in our preceding work 20) . For formulation of distribution of values of L p,section of cracked sections with a length L 0 , the normal distribution function was used. Noting the average of L p,section as L p,section,ave , the cumulative probability F(L p,section ) was expressed by
In this work, L p,section,ave was given to be 0.400, 0.670 and 0.940, corresponding to large, intermediate and small average crack size, respectively. ΔL p,section was given to be 0.05 and 0.15, corresponding to narrow and wide distribution of crack size, respectively. The L p,section was given to each cracked section with a Monte Carlo method by generating a random value R (= 0 1), setting F(L p,section ) = R in eq. (4), and substituting the aforementioned values of L p,section,ave and ΔL p,section in eq. (4). The V-I curve of each cracked section with a length L 0 = 1.5 cm was calculated by substituting the L p,section -value given by the Monte Carlo procedure stated above, R t = 2 μΩ, which was an average value obtained by analysis of the V-I curves of cracked DyBCO conductor tapes with a length L 0 = 1.5 cm, measured at 77 K in a self-magnetic eld under applied tensile stresses 5) , into eqs. (2) and (3). The I c and n-value in the non-cracked state were given by I c0 = 200 A and n 0 = 40, respectively. The simulation procedure was repeated for 120 times, and 120 sets of V-I curve of sections were obtained for each combination of L p,section,ave value (0.400, 0.670, 0.940) with ΔL p,section value (0.05, 0.15).
As the specimen is constituted of a series electric circuit of sections ( Fig. 1(a) ), the current I of the specimen and all sections is the same;
The voltage V of specimen is the sum of the voltages of all sections .
Using the V-I curves of the sections (L 0 = 1.5 cm), we calculated the V-I curves of the specimens with eqs. (5) and (6) for L = 3 to 30 cm, corresponding to N = 2 to 20. From the obtained V-I curves, the I c -values of the sections and specimens were obtained as a value of
The n-values of the sections and specimens were obtained by tting the E-I curve to the form of E ∝ I n for the electric eld range of E = 0.1 10 μV/cm, namely by tting the V-I curve to the form of V ∝ I n for the voltage range of V = 0.1L 10L μV. larger the value of ΔL p,section ; namely, the larger the difference in ligament size (= the larger the difference in crack size) among the sections, the wider became the distribution of both I c -and n-values of specimens and the lower became the I c,ave -and n ave -values of specimens. (ii) The values of I c,ave /I c0 in (a, b) and n ave /n 0 in (a , b ) refer to the normalized average critical current and n-value with respect to the original values I c0 and n 0 in non-cracked state, respectively. Comparing the n ave /n 0 in (a ) and (b ) with I c,ave /I c0 in (a) and (b), respectively, n ave /n 0 was lower than I c,ave /I c0 at any L p,section,ave , namely at any average crack size. This means that n-value was reduced by cracking more severely than I c -value. (1) For any specimen length L and for any standard deviation of ligament parameter of sections ΔL p,section , the I c,ave and n ave decreased with decreasing average ligament parameter of sections, L p,section,ave , namely with increasing average crack size, as expected. (2) For any values of L p,section,ave and ΔL p,section ; namely for any average crack size and any distribution width of crack size, both of I c,ave and n ave decreased signi cantly and then gradually with increasing specimen length L.
Results and Discussion
Effects of average crack size, crack size distribution and specimen length on critical current and n-value
(3) The decrease in I c,ave with increasing L was small when ΔL p,section was small (= when the distribution width of crack size was small) as shown in (a), but it was large when . (4) The decrease in n ave with increasing L was, in appearance, similar to that in I c,ave but the extent of the decrease in n ave was severer than that of I c,ave , as indicated by the difference between n ave /n 0 − L and I c,ave /I c0 − L curves. Namely, specimen length-dependence of n ave was larger than that of I c,ave . (i) The values of (I c , n) of sections of example A1 and those of example A2 are listed in the caption of Fig. 4 . The average values of (I c,ave , n ave ) of the sections of example A1 and example A2 were (136 A, 27.6) and (136 A, 28.3), respectively. In both examples, the I c,ave and n ave of the 5 sections were commonly 136 A and ≈28, respectively. On the other hand, positional relation among the V-I curves of the sections was quite different between the examples. In the example A1, the V-I curves of the sections existed in narrow range of current, and the difference in value of (I c , n) among the sections was small, corresponding to the case of small difference in crack size among sections. In contrast, in the example A2, the V-I curves of the sections existed in wide current range, and hence, the difference in values of (I c , n) among the sections was large, corresponding to the case of large difference in crack size among sections.
Relation of
(ii) The values of (I c , n) of the specimen of example A1 and example A2 were (129 A, 21.9) and (96.0 A, 11.7), respectively. Despite that I c,ave and n ave of sections of example A1 were almost the same as those A2, the (I c , n)-values of the specimens constituted of the sections were quite different between the examples due to the difference in positional relation among the V-I curves of the sections.
(iii) The V-I curve of the section with the lowest I c contributes most largely to the V-I curve of the specimen than the V-I curves of other sections. This feature became more prominent when the distance between the V-I curve of the sections with the lowest and second lowest I c was larger. It is noted that even though the I c,ave -and n ave -values of the sections were almost the same in examples A1 and A2 (Fig. 4(a,  b) ), both of I c -and n-values of specimen became lower when the distance among the V-I curves of sections was larger, namely when crack size was largely different among the sections. If we assume that difference in crack size among the sections is zero, the I c -and n-values of all sections are the same as those of specimens. In such an assumed case, the values of (I c , n) of the specimen with any length are (136 A, 28) in the present examples. In the example A1 where the difference in crack size among sections was small, (I c , n) values decreased to (129 A, 22), and in the example A2 where it was large, they decreased to (96 A, 12). In this way, I c and n-value of specimen decrease with increasing difference in crack size among sections even when the average critical current is same.
As shown in Figs. 4(a) and 4(b), the largest crack in the section S(4) played a dominant role in determination of I c , whether the cracks of the other sections had similar size ( Fig. 4(a) ) or different size (Fig. 4(b) ). However, the n-value of specimen was strongly dependent not only on the largest crack but also on the second, third,....., largest cracks; namely n-value was dependent on the difference in crack size, which was re ected in the difference of positional relation among the V-I curves of sections. Figures 5(a) and (b) show the distributed V-I curves of the sections and their in uence on the V-I curve of the specimens of the example B1 and example B2, respectively. The specimen length L was 7.5 cm in these examples. The (I c , n) values of the specimens of examples B1 and B2 were (123 A, 22.5) and (122 A, 13.6), respectively. The I c -values of specimens of examples B1 (123 A) and B2 (122 A) were almost the same but the n-values of specimens (22.5 (B1) and 13.6 (B2)) were quite different from each other. It is clearly shown that, even though the I c -values of the two specimens were the same to each other, the n-value of one specimen (example B1 in which the V-I curves of sections exist near to each other, Fig. 5(a) ) was higher than the n-value of another specimen (example B2 in which the V-I curve of the section with the largest crack (the lowest I c ) was far away from the V-I curves of other sections, Fig. 5(b) ). This result indicates that the correlation between I c and n-value is not determined uniquely since plural n-values can be existent for one I c -value, depending on the positional relation among the V-I curves of sections.
Description of V-I curve, critical current and n-value of specimens containing plural cracks (2 ≤ N)
with a single equivalent crack-current shunting model In analysis of the measured V-I curve, I c , and n-value of coated-and lamentary conductor tape specimens with stress-induced cracks [3] [4] [5] 8, 10, 14, 15, 21) , we have been replacing the multiple cracks with a single equivalent crack in the model, because current shunting occurs via the same mechanism in both single and multiple cracks. Despite the replacement, the experimental results have been described well, suggesting that replacement is a useful analysis tool in practice.
Based on the results stated above, the single equivalent crack-current shunting model was used also in this work for characterization of the simulated V-I curves of the specimens with a length L = 7.5 cm shown in Fig. 4(a) and 4(b) . In application of this model, the unknown values were the ligament parameter L p for L = 7.5 cm and the electric resistance R t of current shunting circuit in eqs. (2) and (3). Replacing L 0 (1.5 cm) by L (= 7.5 cm in this case) and setting
1/n 0 in eqs. (2) and (3), and tting eqs. (2) and (3) to the simulated V-I curves, we obtained the unknown values; L p = 0.635 and R t = 6.3 μΩ for the specimen of example A1, and L p = 0.463 and R t = 2.8 μΩ for the specimen of example A2, as shown in Fig. 4(a ) and 4(b ) . By substituting the obtained values of L p and R t into eqs. (2) and (3), the V-I curve was back-calculated as shown with broken curves, describing well the simulated ones. From the backcalculated V-I curves, the values of (I c , n) of specimen of example A1 were estimated to be (128 A, 22). The simulation result of (129 A, 21.9) was well reproduced. In the same way, the values of (I c , n) of the specimen of example A2 was back-calculated to be (95.3 A, 11.7), reproducing well the simulation result of (96.0 A, 11.7). From these results, it was recon rmed that the single equivalent crack-current shunting model can be used to describe the V-I curve of specimens with multiple cracks via estimation of the values of L p and R t . The V-I curves of the specimens of examples B1 and B2 analyzed with the single equivalent crack-current shunting model are shown in Fig. 5(a ) and 5(b ) , respectively. The V-I curve, I c and n-value of the specimens of both examples were reproduced well by this model. The R t -value for lower n-value (example B2) was lower than that for higher n-value (example B1). This result means that n-value varies with R t under a given I c -value, re ecting the positional relation among V-I curves of sections; when the V-I curves of many sections exist near to the V-I curve of the lowest I c -section (most seriously cracked section) as in Fig. 5(a ) , many sections contribute to raise the voltage of the specimen and hence high n-value is realized in specimen. In this process, as the specimen is constituted of a series of sections, the resistances in shunting circuit in the sections with the largest, second, third...cracks are summed up, and hence R t -value of the specimen becomes high. On the other hand, when the V-I curve of the section with the largest crack is isolated as in Fig. 5(b) , it is equal to the V-I curve of the specimen where the other sections do not contribute to the voltage of the specimen. Accordingly n-value of the specimen is low. In such a case, current shunting occurs only in one section and hence R t is low. In this way, the phenomenon, in which different n-values were existent for one I c -value, could be described by the difference of the level of R t .
Effects of specimen length and crack size distribu-
tion on the correlation between n-value and critical current I c , and description of n-I c correlation diagram From the pair-values of (I c , n) of specimens obtained by the Monte Carlo simulation, n-value was plotted against I c -value, and the n-I c correlation diagrams were obtained, as shown in Fig. 6. (a, b, c, d) show the results for the specimen length L = 3, 6, 9 and 15 cm, respectively, under the condition of small distribution width of crack size, monitored by ΔL p,section = 0. 05, and (a , b , c , d ) show the results for the specimen length L = 3, 6, 9 and 15 cm, respectively, under the condition of large distribution width of crack size, monitored by and ΔL p,section = 0.15.
The results shown in subsection 3.2 means that the relation of n-value to I c is not determined uniquely but has some width in the direction of n-value for a given I c -value due to the difference in the positional relation among the V-I curves of sections. For description of the n-I c diagram in which n-value is not uniquely determined by I c -value, we estimated the upper-lower bounds and the center of the n-I c correlation by nding R t -values through the application of the single equivalent crack-current shunting model directly to the measured n-I c diagram. Hereafter, this approach is noted simply as the upper-lower bounds approach. In our preceding work 21) , we found that the upper-lower bounds approach can describe the experimental results satisfactorily. However, due to the lack of experimental data, the effect of specimen length on the n-I c diagram was not studied at that time. In this subsection, as a next step, we investigate the effects of the specimen length on the n-I c diagram.
The results of application of the upper-lower bounds approach to the simulation results of the n-I c diagram are presented also in Fig. 6 , in which the upper bound (long dashed line), the lower bound (broken line) and the center (solid line), together with the corresponding R t -values, are presented. The following features are read. (a) The n-I c diagrams for various specimen lengths in both cases of small and large distribution widths of crack size are described by the present upper-lower bounds approach using R t -value as a parameter. (b) For a given specimen length, the R t -values giving upper and lower bounds of the n-I c relation in the case of ΔL p,section = 0.05 is higher than those in the case of ΔL p,section = 0.15. The high R t in the case of ΔL p,section = 0.05 is attributed to the larger number of sections that contribute to raise V of the specimen since the V-I curves of the sections are near to each other. In the case of ΔL p,section = 0.15, the interspacing among the V-I curves of the sections is large and the number of the sections that contribute to raise V of the specimen is small, and hence R t is lower. (c) The number of the sections, whose V-I curves are near to the V-I curve of the largest crack-section, increases, and hence R t -value increases, too, with increasing specimen length. (d) While the R t values both for upper and lower bounds increase with increasing L, the extent of increase in R t with specimen length was quite different between the cases of small and large difference in crack size among the sections. The value of R t increases with specimen length more intensively when the difference in crack size among the sections is smaller.
3.5 Application of the upper-lower bounds approach to description of the specimen length-dependence of the n-I c diagram When stress is exerted on the tape, the situation of cracking is complex. Both of large and small distribution widths of crack size arise with varying stress level; in some case, the distribution width of crack size increases monotonically with increasing stress, in some case, it increases and then decreases, and in some case, it increases and decreases alternatively. For description of measured n-I c correlation diagram for wide range of I c , it is required to incorporate both cases of large and small distribution widths of crack size.
In order to monitor such a practical situation, we included both cases of large (ΔL p.section = 0.15) and small (ΔL p.section = 0.05) standard deviation of crack size together, and analyzed with the upper-lower bounds approach. The results are shown in Fig. 7 . In this case, the upper bound was the same as the upper bound for ΔL p.section = 0.05 and the lower bound was the same as the lower bound for ΔL p.section = 0.15. For all specimen lengths (3-30 cm in this work), the upper-lower bounds and the center of the n-I c correlation diagrams were described successfully by this approach.
Under the actually occurring situation where both cases of small and large difference in crack size co-exist, the change in R t -value with increasing specimen length L for the upperlower bounds and the center, was obtained, as shown in Fig. 8(a) . The R t for all of the upper-lower bounds and the center increased with L, but the extent of the increase of R t with L was different; it was high at the upper bound, low at the lower bound and intermediate at the center. Using the R t -value obtained for each length, the change in n-I c relation with L for the upper-lower bounds and the center was calculated. As a representative, the change in n-I c relation of the center in n-I c diagram is shown in Fig. 8(b) . The experimentally observed feature that n-I c curve tends to shift to lower n-range with increasing specimen length was reproduced well.
The results shown in Figs. 6 and 7 indicate that the n-I c diagram for any specimen length and for any standard deviation of crack size can be described by the upper-lower bounds approach using a single equivalent crack-current shunting model. Based on this result, the present approach was applied to the experimentally measured specimen length-dependent n-I c diagrams of lamentary BSCCO tape 21) and SmBCO coated tape 10) . The results are shown in Fig. 9 . The experimentally measured n-I c diagrams of both (a, b, c) BSCCO lamentary conductor tape with L = 1 cm and 6 cm and (a , b , c ) SmBCO coated conductor tape with L = 1.5 cm and 4.5 cm were well described by the present approach.
In this way, we can describe the experimental results of the specimen length-dependence of the n-I c diagram by estimating the upper-lower bounds and the center with the single equivalent crack-current shunting model. This approach is simple and is practically a useful tool for describing specimen length-dependence of n-I c diagrams both of lamentary and coated conductors.
Conclusions
(1) In any specimen length, the distributions of both critical current I c -and n-values became wider, and average I cand n-values became lower when the crack size distribution was wider. The extent of decrease with increasing distribution width of crack size was different between average I c -and n-values; the average n-value became lower more intensively than the average I c -value. (2) Both of average I c -value and average n-value decreased with increase in specimen length under a given crack size distribution. This phenomenon was more remarkable when crack size distribution was wider. The extent of decrease with increase in specimen length was different between I c and n-value; n-value decreased more sensitively to specimen length than the I c -value. (3) The n-value of specimen was dependent on the positional relation among the voltage-current curves of the sections, of which specimen was constituted. The voltagecurrent curve of the section having the lowest I c -value (having the largest crack) was located in the low current side than the voltage-current curves of other sections.
When the voltage-current curves of the other sections having higher I c -values (having smaller cracks), were dense and coarse in the neighborhood of the voltagecurrent curve of the section having the lowest I c -value, high and low n-values arose in specimen, respectively. Thus plural n-values could be existent for an I c -value of specimen. This results indicate that the n-I c relation is not described uniquely in heterogeneously cracked specimens. The upper-lower bounds approach is useful for description. (4) The simulated V-I curve, I c and n-value of specimens with plural cracks could be described by using the single equivalent crack-current shunting model, in which plural cracks are replaced by a single equivalent crack. In this model, the resistance R t -value in shunting circuit re ects the situation of interspacing among the V-I curves of sections and hence effective number of sections that contribute to synthesize the V-I curve of the specimen. (5) The n-I c diagrams obtained by the simulation at various specimen lengths and the n-I c diagrams of the lamentary-and coated-conductor tapes measured experimentally for different specimen lengths were described by estimating R t -values with the single equivalent crack-current shunting model for the upper-lower bounds and the center of the n-I c correlation diagram
